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Abstract
We discuss some features of non-self-adjoint Hamiltonians with real discrete simple spec-
trum under the assumption that the eigenvectors form a Riesz basis of Hilbert space.
Among other things, we give conditions under which these Hamiltonians can be factor-
ized in terms of generalized lowering and raising operators.
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1 Introduction
In the recent literature an increasing interest has been devoted to non-self-adjoint Hamiltonians,
mainly in connections with quasi-hermitian quantum mechanics, and its relatives. A very
extensive literature has been produced in the past ten years, mostly physically oriented, [1].
However, also some mathematically-minded results have been obtained, as, for instance, in
[2, 3, 4, 7]. In [8], in particular, the author has considered non-hermitian hamiltonians with
real spectrum. However, in our opinion, more attention should be paid to the fact that an
hamiltonian operator, self-adjoint or not, is usually an unbounded operator. This means that
domain problems, and not only, arise out of this feature. In this paper, continuing an analysis
already began some years ago, [9, 10, 11] we consider this aspect of the theory, taking into
account the unbounded nature of several operators appearing in the game.
Let H be a (non necessarily self-adjoint) closed operator defined on a dense subset D(H) of
the Hilbert space H, with inner product 〈· | ·〉, linear in the first entry, and related norm ‖.‖.
We assume here that H has purely discrete simple spectrum (this means that the spectrum,
σ(H), consists only of isolated eigenvalues with multiplicity one). Even though the interesting
case for physical applications is σ(H) ⊂ R we will not make this restrictive assumption but we
will suppose that the corresponding eigenvectors form a Riesz basis, [12], Fφ = {φn, n ≥ 0} for
H, see [14]. This means that there exist an orthonormal basis (ONB, for short) E = {en, n ≥ 0}
and a bounded operator T , invertible and with bounded inverse T−1 such that φn = Ten for all
n ≥ 0. Let us now define ψn = (T−1)∗en and Fψ = {ψn, n ≥ 0}. It is clear that Fψ is a Riesz
basis, too. Moreover, it is biorthogonal to Fφ: 〈φn | ψm〉 = δn,m, and
f =
∞∑
n=0
〈f | φn〉ψn =
∞∑
n=0
〈f | ψn〉 φn, ∀f ∈ H.
Furthermore, the operators Sφ and Sψ defined by
Sφf =
∞∑
n=0
〈f | φn〉 φn, Sψf =
∞∑
n=0
〈f | ψn〉ψn,
are bounded, everywhere defined in H, positive and, therefore, self-adjoint. Also, they are one
the inverse of the other: Sφ = (Sψ)
−1 and Sφ = TT ∗.
Actually, the operators Sψ intertwines H and H
∗ (and, of course, Sφ intertwines H∗ and H).
These operators are, in fact similar and H is quasi-Hermitian [15], that is, SψH is a symmetric
operator, i.e., SψH ⊆ (SψH)∗, and it is then natural to pose the question if H is quasi-self-
adjoint; i.e.the equality SψH = (SψH)
∗ holds. The latter condition, in turn, is equivalent to
saying that H is similar to a self-adjoint operator.
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In order to answer to this and other questions, we perform in this paper (Section 2) a
detailed analysis of operators defined by Riesz bases. In particular we characterize domains
and adjoints; moreover we construct intertwining operators in general form and show that,
if the eigenvalues are real, then the operator can be made self-adjoint in a different Hilbert
space, more explicitly, in the same space but endowed with a different inner product. A similar
analysis has been carried out by many authors before, see, for instance, [8]. However, in our
knowledge, this is the first systematic and mathematically minded study of the problem. In
Section 3, following our previous work [11] we construct and study generalized raising and
lowering operators, and we discuss the possibility of factorizing a given hamiltonian. Section 4
is devoted to examples and applications, while our conclusions are given in Section 5.
2 Some operators defined by Riesz bases
Let {φn} be a Riesz basis in H and, as above, ψn = (T−1)∗en, n = 0, 1, . . . . As remarked before,
{ψn} is also a Riesz basis and it is biorthogonal to {φn}; i.e. 〈φn | ψm〉 = δnm.
Throughout this section let α = {αn} be any sequence of complex numbers. We define two
operators [13]
Hαφ,ψ =
∞∑
n=0
αnφn ⊗ ψn
and
Hαψ,φ =
∞∑
n=0
αnψn ⊗ φn
as follows:


D(Hαφ,ψ) = {f ∈ H;
∑∞
n=0 αn 〈f | ψn〉 φn exists in H}
Hαφ,ψf =
∑∞
n=0 αn 〈f | ψn〉 φn, f ∈ D(Hαφ,ψ)

D(Hαψ,φ) = {f ∈ H;
∑∞
n=0 αn 〈f | φn〉ψn exists in H}
Hαψ,φf =
∑∞
n=0 αn 〈f | φn〉ψn, f ∈ D(Hαφ,ψ)
.
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Then we have the following
Dφ := span{φn} ⊂ D(Hαφ,ψ) ; (2.1)
Dψ := span{ψn} ⊂ D(Hαψ,φ) ;
Hαφ,ψφk = αkφk, k = 0, 1, . . . ; (2.2)
Hαψ,φψk = αkψk, k = 0, 1, . . . .
Hence, Hαφ,ψ and H
α
ψ,φ are densely defined.
Proposition 2.1 The following statements hold.
(1) D(Hαφ,ψ) = {f ∈ H;
∑∞
n=0 |αn|2| 〈f | ψn〉 |2 <∞},
D(Hαψ,φ) = {f ∈ H;
∑∞
n=0 |αn|2| 〈f | φn〉 |2 <∞}.
(2) Hαφ,ψ and H
α
ψ,φ are closed.
(3)
(
Hαφ,ψ
)∗
= Hαψ,φ, where α = {αn}.
(4) Hαφ,ψ is bounded if and only if H
α
ψ,φ is bounded and if and only if α is a bounded sequence.
In particular H1φ,ψ = H
1
ψ,φ = I, where 1 is the sequence constantly equal to 1.
Proof – We will prove the statements (1)-(4) for Hαφ,ψ.
(1): Since T is invertible and has bounded inverse, there exist positive constants γ1, γ2
such that
γ1‖f‖ ≤ ‖Tf‖ ≤ γ2‖f‖, ∀f ∈ H.
Hence, taking into account the equality
T
(
m∑
k=n
αk 〈f | ψk〉 ek
)
=
m∑
k=n
αk 〈f | ψk〉 φk
we have
γ21
m∑
k=n
|αk|2| 〈f | ψk〉 |2 = γ21
∥∥∥∥∥
m∑
k=n
αk 〈f | ψk〉 ek
∥∥∥∥∥
2
≤
∥∥∥∥∥
m∑
k=n
αk 〈f | ψk〉 φk
∥∥∥∥∥
2
(2.3)
≤ γ22
∥∥∥∥∥
m∑
k=n
αk 〈f | ψk〉 ek
∥∥∥∥∥
2
= γ22
m∑
k=n
|αk|2| 〈f | ψk〉 |2,
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which shows that f ∈ D(Hαφ,ψ) if and only if
∑∞
n=0 |αn|2| 〈f | ψn〉 |2 <∞.
(2): Let {fn} be an arbitrary sequence in D(Hαφ,ψ) such that fn → f and Hαφ,ψfn → g.
Then, for every ǫ > 0 there exists N ∈ N such that∥∥∥∥∥
∞∑
k=0
αk 〈fn − fm | ψk〉 φk
∥∥∥∥∥ < ǫ, ∀n,m ≥ N.
By (2.3), for all M ∈ N and n,m ≥ N ,
γ21
M∑
k=0
|αk|2| 〈fn − fm | ψk〉 |2 < ǫ2.
Hence, letting m→∞,
γ21
M∑
k=0
|αk|2| 〈fn − f | ψk〉 |2 ≤ ǫ2, ∀n ∈ N. (2.4)
Therefore,
γ21
M∑
k=0
|αk|2| 〈f | ψk〉 |2 ≤ 2γ21
M∑
k=0
|αk|2| 〈f − fN | ψk〉 |2 + 2γ21
M∑
k=0
|αk|2| 〈fN | ψk〉 |2
≤ 2γ21ǫ2 + 2γ21
M∑
k=0
|αk|2| 〈fN | ψk〉 |2
and, letting M →∞,
γ21
∞∑
k=0
|αk|2| 〈f | ψk〉 |2 ≤ 2γ21ǫ2 + 2γ21
∞∑
k=0
|αk|2| 〈fN | ψk〉 |2 <∞.
This implies that f ∈ D(Hαφ,ψ).
Moreover, by (2.4), we get
‖Hαφ,ψfn −Hαφ,ψf‖ ≤ γ22
∞∑
k=0
|αk|2| 〈fn − f | ψk〉 |2 ≤ γ
2
2
γ21
ǫ2, ∀n ≥ N.
Hence
lim
n→∞
Hαφ,ψfn = H
α
φ,ψf.
Thus, Hαφ,ψ is closed.
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(3): It is easy to show that
∑∞
n=0 αnψn ⊗ φn ⊆ (Hαφ,ψ)∗. Conversely, let g ∈ D((Hαφ,ψ)∗);
then there exists h ∈ H such that
〈 ∞∑
n=0
αn(φn ⊗ ψn)f | g
〉
= 〈f | h〉 , ∀f ∈ D((Hαφ,ψ).
By (2.1) and (2.2), Dφ ⊆ D(Hαφ,ψ) and Hαφ,ψφk = αkφk, k = 0, 1, . . . . Thus, 〈αkφk | g〉 =
〈φk | h〉, k = 0, 1, . . . . Hence
∞∑
k=0
|αk|2| 〈φk | g〉 |2 =
∞∑
k=0
| 〈φk | h〉 |2 =
∞∑
k=0
| 〈ek | T ∗h〉 |2 = ‖T ∗h‖2.
This implies that g ∈ D(Hαψ,φ).
(4): This is almost trivial.
In very similar way one can prove (1)-(4) for Hαψ,φ. This completes the proof. 
If β := {βn} is a sequence of complex numbers, we can define two other operators
S
β
φ =
∞∑
n=0
βnφn ⊗ φn
and
S
β
ψ =
∞∑
n=0
βnψn ⊗ ψn
as follows:


D(S
β
φ ) = {f ∈ H;
∑∞
n=0 βn 〈f | φn〉φn exists in H}
S
β
φ f =
∑∞
n=0 βn 〈f | φn〉φn, f ∈ D(Sβφ )

D(S
β
ψ ) = {f ∈ H;
∑∞
n=0 βn 〈f | ψn〉ψn exists in H}
S
β
ψ f =
∑∞
n=0 βn 〈f | ψn〉ψn, f ∈ D(H
S
β
ψ
)
.
It is clear that
Dψ ⊂ D(Sβφ ) and Sβφ ψk = βkφk, k = 0, 1, . . . ; (2.5)
Dφ ⊂ D(Sβψ ) and Sβφ φk = βkψk, k = 0, 1, . . . (2.6)
Hence, S
β
φ and S
β
ψ are densely defined, and the following results can be established:
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Proposition 2.2 The following statements hold.
(1) D(S
β
φ ) = {f ∈ H;
∑∞
n=0 |βn|2| 〈f | φn〉 |2 <∞} = D(Hβψ,φ),
D(S
β
ψ ) = {f ∈ H;
∑∞
n=0 |βn|2| 〈f | ψn〉 |2 <∞} = D(Hβφ,ψ).
(2) S
β
φ and S
β
ψ are closed.
(3)
(
S
β
φ
)∗
= S
β
φ and
(
S
β
ψ
)∗
= S
β
ψ , where β = {βn}.
(4) If {βn} ⊂ R (respectively, {βn} ⊂ R+) then Sβφ and Sβψ are self-adjoint (respectively,
positive self-adjoint). Furthermore, S
β
φ is bounded if and only if S
β
ψ is bounded and if
and only if β is a bounded sequence.
(4) If, β = 1, where, as before, 1 denotes the sequence constantly equal to 1, then Sφ := S
1
φ
and Sψ := S
1
ψ are bounded positive self-adjoint operators on H and they are inverses of
each other, that is Sφ = (Sψ)
−1, and Sφ = TT ∗, Sψ = (T−1)∗T−1.
The proof of the Proposition is similar to that of the previous one, and will not be repeated.
Of course, we can construct the pair of operators Hαφ,ψ, H
α
ψ,φ and the pair of operators S
β
φ ,
S
β
ψ corresponding to different sequences α = {αn} and β = {βn} and study the interplay
between them. In particular, we will take β = 1. This is particularly interesting since the
relations between Hαφ,ψ , H
α
ψ,φ, Sφ and Sψ are given as follows:
Proposition 2.3 The following equalities hold:{
SψH
α
φ,ψ = H
α
ψ,φSψ = S
α
ψ ,
SφH
α
ψ,φ = H
α
φ,ψSφ = S
α
φ .
(2.7)
Proof – By Proposition 2.2 we have D(Hαφ,ψ) = D(S
α
ψ ) and D(H
α
ψ,φ) = D(S
α
φ ). Moreover,
from Proposition 2.1,
Sψf ∈ D(Hαψ,φ)⇔
∞∑
n=0
|αn|2| 〈Sψf | φn〉 |2 <∞⇔
∞∑
n=0
|αn|2| 〈f | ψn〉 |2 <∞⇔ f ∈ D(Sαψ ).
Thus,
D(SψH
α
φ,ψ) = D(H
α
ψ,φSψ) = D(S
α
ψ ).
It is easily seen that SψH
α
φ,ψf = H
α
ψ,φSψf = S
α
ψ f , for every f ∈ D(Sαψ ). Hence,
SψH
α
φ,ψ = H
α
ψ,φSψ = S
α
ψ .
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In similar way one proves that
SφH
α
ψ,φ = H
α
φ,ψSφ = S
α
φ ,
as we had to prove. 
As shown in Proposition 2.1, even if α = {αn} ⊂ R the operator Hαφ,ψ is not necessarily
self-adjoint. The equality Hαψ,φSψf = SψH
α
φ,ψf , for every f ∈ D(Hαφ,ψ), stated in Proposition
2.3, implies that the operator Hαφ,ψ is quasi-hermitian in the sense of [15]. Roughly speaking,
a quasi-hermitian operator is an operator that can be made hermitian by changing the inner
product of the space by means of a bounded metric operator G; i.e., G is a bounded, strictly
positive operator with bounded inverse. These are exactly the properties that Sψ and Sφ enjoy,
under the assumptions we are adopting in this paper. Metric operators define in the Hilbert
space H where they act a new inner product, which gives rise to a topology equivalent to the
original one of H but with a different distance. This situation changes deeply, as it is well
explained in [2], if one extends the definition of metric operator by including the possibility
that the inverse is not necessarily bounded or even that both the operator and its inverse are
not bounded (in both cases the original Hilbert space is moved to another one). We refer to
[15] for a detailed discussion.
Coming back to the situation under consideration, from [15, Prop. 3.12] we get the results
stated below. Let us denote by H(S) the Hilbert space obtained by defining on H the inner
product 〈· | ·〉S given by 〈f | g〉S = 〈Sψf | g〉, f, g ∈ H. The quasi-hermitianness of Hαφ,ψ then
implies that Hαφ,ψ is symmetric with respect to this new inner product; i.e.,
〈
Hαφ,ψf | g
〉
S
=〈
f | Hαφ,ψg
〉
S
, for f, g ∈ D(Hαφ,ψ). This is, in a certain sense, not surprising, since the set of
eigenvectors of Hαφ,ψ, Fφ, is an ONB in H, when endowed with the inner product 〈· | ·〉S; indeed,
〈φn, φm〉S = δn,m.
The hermitianness of Hαφ,ψ in H(S) is however of little use if one wants to make use of
the powerful spectral theory for self-adjoint operators. For this reason it is very convenient
to have at hand conditions for the self-adjointness of Hαφ,ψ in H(S). By [15, Prop. 3.12], the
self-adjointness of Hαφ,ψ in H(S) is equivalent to the self-adjointness of the operator hαφ,ψ =
S
1/2
ψ H
α
φ,ψS
1/2
φ in H. As we shall see below, hαφ,ψ is actually self-adjoint when {αn} ⊂ R. Hence
Hαφ,ψ is self-adjoint when regarded as an operator in H(S).
Coming back to the general case, let α = {αn} be a sequence of complex numbers. We
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define the operators hαφ,ψ and h
α
ψ,φ as follows:{
h
α
φ,ψ = S
1/2
ψ H
α
φ,ψS
1/2
φ ,
h
α
ψ,φ = S
1/2
φ H
α
ψ,φS
1/2
ψ .
(2.8)
Then,
Proposition 2.4 The following statements hold:
(1) D(hαφ,ψ) = {S1/2ψ f ; f ∈ D(Hαφ,ψ)},
D(hαψ,φ) = {S1/2φ f ; f ∈ D(Hαψ,φ)}
and they are dense in H.
(2) (hαφ,ψ)
∗ = hαψ,φ.
(3) If {αn} ⊂ R, then hαφ,ψ is self-adjoint.
Proof –
(1): This is a simple consequence of the equality S
−1/2
φ = S
1/2
ψ .
(2): By Proposition 2.1, we have
(hαφ,ψ)
∗ ⊃ S1/2φ (Hαφ,ψ)∗S1/2ψ = S1/2φ (Hαψ,φ)∗S1/2ψ = hαψ,φ.
Conversely, let g ∈ D((hαφ,ψ)∗). Then, by (1) we have〈
h
α
φ,ψS
1/2
ψ f | g
〉
=
〈
S
1/2
ψ f | (hαφ,ψ)∗g
〉
, ∀f ∈ D(Hαφ,ψ).
This implies that 〈
Hαφ,ψf | S1/2ψ g
〉
=
〈
f | S1/2ψ (hαφ,ψ)∗g
〉
.
Hence, we have
S
1/2
ψ g ∈ D((Hαφ,ψ)∗) and
(Hαφ,ψ)
∗S1/2ψ g = S
1/2
ψ (h
α
φ,ψ)
∗g.
This in turn implies that
(hαφ,ψ)
∗ ⊂ S1/2φ (Hαφ,ψ)∗S1/2ψ = S1/2φ (Hαψ,φ)S1/2ψ = hαψ,φ.
(3): Let {αn} ⊂ R. For every f ∈ D(Hαφ,ψ), we have, making use of Proposition 2.3,
S
1/2
ψ f = S
1/2
φ Sψf ∈ S1/2φ D(Hαψ,φ) = D(hαψ,φ) = D((hαφ,ψ)∗).
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Hence
D(hαφ,ψ) ⊂ D((hαφ,ψ)∗)
and
h
α
φ,ψS
1/2
ψ f = S
1/2
ψ H
α
φ,ψf = S
1/2
φ SψH
α
φ,ψf = S
1/2
φ H
α
ψ,φS
1/2
ψ S
1/2
ψ f = (h
α
φ,ψ)
∗S1/2ψ f,
for every f ∈ D(Hαφ,ψ). Hence, hαφ,ψ ⊂ (hαφ,ψ)∗.
Conversely, take an arbitrary g ∈ D(Hαψ,φ). Then,
S
1/2
φ g = S
1/2
ψ Sφg ∈ S1/2ψ D(Hαφ,ψ) = D(hαφ,ψ),
and so D((hαφ,ψ)
∗) = D(hαψ,φ) ⊂ D(hαφ,ψ). Hence, hαφ,ψ = (hαφ,ψ)∗. This completes the proof.

Equations (2.8) produce S
1/2
φ h
α
φ,ψ = H
α
φ,ψS
1/2
φ and S
1/2
ψ h
α
ψ,φ = H
α
ψ,φS
1/2
ψ , which, together with
the equalities in (2.7), are intertwining relations between different operators having the same
eigenvalues and related eigenvectors. This fact is well known in the physical literature, and we
refer to [16] and references therein for some appearances of these kind of equations in concrete
models.
3 Generalized lowering and raising operators
Following what we did in [11], we now introduce generalized lowering and raising operators as
follows:
A
γ
φ,ψ =
∞∑
n=1
γnφn−1 ⊗ ψn
A
γ
ψ,φ =
∞∑
n=1
γnψn−1 ⊗ φn
B
γ
φ,ψ =
∞∑
n=0
γn+1φn+1 ⊗ ψn
B
γ
ψ,φ =
∞∑
n=0
γn+1ψn+1 ⊗ φn.
Proposition 3.1 The following statements hold.
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(1) D(A
γ
φ,ψ) = {f ∈ H;
∑∞
n=1 |γn|2| 〈f | ψn〉 |2 <∞} = D(H{αn}φ,ψ ))
D(A
γ
ψ,φ) = {f ∈ H;
∑∞
n=1 |γn|2| 〈f | φn〉 |2 <∞} = D(H{αn}ψ,φ ))
D(B
γ
φ,ψ) = {f ∈ H;
∑∞
n=0 |γn+1|2| 〈f | ψn〉 |2 <∞} = D(H{αn+1}φ,ψ )
D(B
γ
ψ,φ) = {f ∈ H;
∑∞
n=0 |γn+1|2| 〈f | φn〉 |2 <∞} = D(H{αn+1}ψ,φ )
(2) A
γ
φ,ψ, A
γ
ψ,φ, B
γ
φ,ψ and B
γ
ψ,φ are densely defined closed operators in H.
(3)
(
A
γ
φ,ψ
)∗
= B
γ
ψ,φ and
(
A
γ
ψ,φ
)∗
= B
γ
φ,ψ.
The proof is similar to that of Proposition 2.1.
Since the relevance of these operators relies essentially on their products, we give the fol-
lowing
Proposition 3.2 The following statements hold.
(1) D(A
γ
φ,ψB
γ
φ,ψ) = {f ∈ H;
∑∞
n=0 |γn+1|2| 〈f | ψn〉 |2 <∞ and
∑∞
n=0 |γn+1|4| 〈f | ψn〉 |2 <∞}
and
A
γ
φ,ψB
γ
φ,ψ ⊂
∑∞
n=0 γ
2
n+1φn ⊗ ψn = H
{γ2n+1}
φ,ψ .
(2) D(B
γ
φ,ψA
γ
φ,ψ) = {f ∈ H;
∑∞
n=0 |γn|2| 〈f | ψn〉 |2 <∞ and
∑∞
n=0 |γn|4| 〈f | ψn〉 |2 <∞} and
B
γ
φ,ψA
γ
φ,ψ ⊂
∑∞
n=0 γ
2
nφn ⊗ ψn = H{γ
2
n}
φ,ψ .
Suppose that |γ0| ≤ |γ1| ≤ · · · . Then the following statements (3) and (4) hold:
(3) D(B
γ
φ,ψA
γ
φ,ψ) = {f ∈ H;
∑∞
n=0 |γn|4| 〈f | ψn〉 |2 <∞} = D(H{γ
2
n}
φ,ψ );
D(A
γ
φ,ψB
γ
φ,ψ) = {f ∈ H;
∑∞
n=0 |γn+1|4| 〈f | ψn〉 |2 <∞} = D(H
{γ2n+1}
φ,ψ );
B
γ
φ,ψA
γ
φ,ψ ⊂ Aγφ,ψBγφ,ψ;
B
γ
φ,ψA
γ
φ,ψ =
∑∞
n=0 γ
2
nφn ⊗ ψn = H{γ
2
n}
φ,ψ ;
A
γ
φ,ψB
γ
φ,ψ =
∑∞
n=0 γ
2
n+1φn ⊗ ψn = H
{γ2n+1}
φ,ψ .
(4) A
γ
φ,ψB
γ
φ,ψf − Bγφ,ψAγφ,ψf = H
{γ2n+1}
φ,ψ f − H{γ
2
n}
φ,ψ f =
(∑∞
n=0(γ
2
n+1 − γ2n)φn ⊗ ψn
)
f , for every
f ∈ D(H{γ2n+1}φ,ψ ).
Proof – We put for shortness A := A
γ
φ,ψ and B := B
γ
φ,ψ.
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(1): By (1) and (2) of Proposition 3.1 we have
D(AB) =
{
f ∈ H;
∞∑
n=0
|γn+1|2| 〈f | ψn〉 |2 <∞ and
∞∑
n=1
|γn|2| 〈Bf | ψn〉 |2 <∞
}
=
{
f ∈ H;
∞∑
n=0
|γn+1|2| 〈f | ψn〉 |2 <∞ and
∞∑
n=0
|γn+1|4| 〈f | ψn〉 |2 <∞
}
⊂
{
f ∈ H;
∞∑
n=0
|γn+1|2| 〈f | ψn〉 |2 <∞
}
= D(
∞∑
n=0
γ2n+1φn ⊗ ψn)
and
ABf =
( ∞∑
n=0
γ2n+1φn ⊗ ψn
)
f, ∀f ∈ D(AB).
Hence,
AB ⊂
∞∑
n=0
γ2n+1φn ⊗ ψn.
The statements for BA in (2) are proved in similar way.
(3): If {γn} is bounded then both A and B are bounded, and so (3) and (4) hold. As for
the general case, we begin with putting N1 = max{n ∈ N ∪ {0}; |αn| ≤ 1}.
Let us suppose that
∑∞
n=0 |γn|4| 〈f | ψn〉 |2 <∞. Then we have
∞∑
n=0
|γn|2| 〈f | ψn〉 |2 ≤
N1∑
n=0
|γn|2| 〈f | ψn〉 |2 +
∞∑
n=N1+1
|γn|4| 〈f | ψn〉 |2 <∞.
This implies that
D(BA) =
{
f ∈ H;
∞∑
n=0
|γn|4| 〈f | ψn〉 |2 <∞
}
and
BA =
∞∑
n=0
γ2nφn ⊗ ψn.
In similar way, we have
D(AB) =
{
f ∈ H;
∞∑
n=0
|γn+1|4| 〈f | ψn〉 |2 <∞
}
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and
AB =
∞∑
n=0
γ2n+1φn ⊗ ψn.
Clearly, D(AB) ⊂ D(BA).
(4): This follows easily from (3). 
It is clear that the lowering and raising operators considered above constitute a generaliza-
tion of annihilation and creation operators of Quantum Mechanics and, as in that case, they
can be used to factorize the original hamiltonian. In particular, if the sequence α = {αn} in-
troduced in the previous section is such that 0 = α0 < α1 < α2 < . . ., and if we take γn =
√
αn
here, the sequence γ satisfies the assumptions of Proposition 3.2, and we find, for instance that
B
γ
φ,ψA
γ
φ,ψ =
∑∞
n=0 αnφn⊗ψn = Hαφ,ψ: then Hαφ,ψ can be factorized. Moreover, the commutation
relation deduced in (4) is a stronger version of the situation considered [11] and the results
obtained there apply.
4 Examples and applications
4.1 A no-go example
Recently, in [2], the authors proved that, for the well known cubic hamiltonian H = p2 + ix3,
whose eigenvalues are real and positive, see [17], it is possible to find a bounded metric operator
which transforms H into a self-adjoint operator h, but this metric operator cannot have a
bounded inverse. On the other hand, as we have seen, in our settings both Sψ and Sφ are both
bounded. The obvious conclusion is, therefore, that the basis of eigenvectors of H is not a Riesz
basis.
4.2 A finite dimensional, one-parameter example
Finite dimensional examples are quite useful to clarify several aspects of the general framework
one is considering. In particular, in the context of PT quantum mechanics, this kind of examples
are very common, see, for instance, [18]. This is also useful in order to avoid problems with
unbounded operators, which are clearly absent in this case.
Let
H =


−3 cos[t]
5
sin[t]
2
3 cos[t]
5
−2 sin[t]
5
cos[t] 2 sin[t]
5
−18 cos[t]
5
3 sin[t] 18 cos[t]
5


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be a one-parameter, non self-adjoint operator in H = C3, our hamiltonian. Notice that H 6= H†
for any value of t, which we take, for the time being, in [0, 2π[. The eigenvalues of H are ǫ0 = 0,
ǫ1 = 2 cos(t)− 1, ǫ2 = 2 cos(t) + 1. Then, if t ∈ I := [0, pi3 [∪[5pi3 , 2π], the eigenvalues are simple
and growing: ǫ0 < ǫ1 < ǫ2. The related eigenvectors are
φ0 =

 10
1

 , φ1 =

 sin[t/2]−2 cos[t/2]
6 sin[t/2]

 , φ2 =

 cos[t/2]2 sin[t/2]
6 cos[t/2]

 .
Taking now as E the canonical basis in H, the matrix T introduced in Section 1 can be easily
identified:
T =

 1 sin
[
t
2
]
cos
[
t
2
]
0 −2 cos [ t
2
]
2 sin
[
t
2
]
1 6 sin
[
t
2
]
6 cos
[
t
2
]

 ,
and the vectors of Fψ, ψn = (T ∗)−1en, turns out to be
ψ0 =
1
5


6
0
−1

 , ψ1 =


−1
5
sin[t/2]
−1
2
cos[t/2]
1
5
sin[t/2]

 , ψ2 =


−1
5
cos[t/2]
1
2
sin[t/2]
1
5
cos[t/2]

 .
Direct computations show that 〈φn, ψm〉 = δn,m, and that
Sφ =

 2 0 70 4 0
7 0 37

 , Sψ =


37
25
0 − 7
25
0 1
4
0
− 7
25
0 2
25

 .
These matrices, which are manifestly self-adjoint, are also positive and we have Sφ = S
−1
ψ ,
Sφ = TT
∗ and H∗Sψ = SψH , as expected. This intertwining relation holds all over H, clearly.
Moreover, since ‖T‖ =
√
1
2
(39 + 7
√
29) and ‖T−1‖ = 1
5
‖T‖, we conclude, as it was already
evident, that Fφ and Fψ are Riesz bases.
Interestingly enough, the positive square root of Sφ,
S
1/2
φ =

 1 0 10 2 0
1 0 6

 ,
does not coincide with T for any possible value of the parameter t ∈ I. This, in a sense, is not
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surprising since S
1/2
φ is, by construction, self-adjoint, while T is not. Still we find
h = S
1/2
ψ HS
1/2
φ =

 0 0 00 cos[t] sin[t]
0 sin[t] 3 cos[t]

 ,
which is self-adjoint. As for the raising and lowering operators, they are found to be
A =


− 1
5
(√
ǫ1 + cos
[
t
2
]√
ǫ2
)
sin
[
t
2
]
1
2
(
− cos [ t
2
]√
ǫ1 +
√
ǫ2 sin
[
t
2
]2) 1
10
(
2
√
ǫ1 sin
[
t
2
]
+
√
ǫ2 sin[t]
)
1
5
(1 + cos[t])
√
ǫ2 − 12
√
ǫ2 sin[t] − 15 (1 + cos[t])
√
ǫ2
1
5
(−√ǫ1 sin [ t2]− 3√ǫ2 sin[t]) − 12 cos [ t2]√ǫ1 + 3√ǫ2 sin [ t2]2 15 (√ǫ1 sin [ t2]+ 3√ǫ2 sin[t])


and
B =


6
5
√
ǫ1 sin
[
t
2
]− 1
10
√
ǫ2 sin[t] − 14 (1 + cos[t])
√
ǫ2
1
10
(−2√ǫ1 sin [ t2]+√ǫ2 sin[t])
− 2
5
(
6 cos
[
t
2
]√
ǫ1 +
√
ǫ2 sin
[
t
2
]2) − 1
2
√
ǫ2 sin[t]
2
5
(
cos
[
t
2
]√
ǫ1 +
√
ǫ2 sin
[
t
2
]2)
3
5
(
12
√
ǫ1 sin
[
t
2
]−√ǫ2 sin[t]) − 32 (1 + cos[t])√ǫ2 35 (−2√ǫ1 sin [ t2]+√ǫ2 sin[t])

 .
Despite of the complicated expressions of these operators, it is possible to check that Aφ0 = 0,
Aφ1 =
√
ǫ1φ0, Aφ2 =
√
ǫ2φ1, while Bφ0 =
√
ǫ1φ1, Bφ1 =
√
ǫ2φ2 and Bφ2 = 0. As for
their adjoints, we have B∗ψ0 = 0, B∗ψ1 =
√
ǫ1ψ0, B
∗ψ2 =
√
ǫ2ψ1, while A
∗ψ0 =
√
ǫ1ψ1,
A∗ψ1 =
√
ǫ2ψ2 and A
∗ψ2 = 0. Moreover, H = BA. Incidentally, Fφ is also a set of eigenstates
of the operator Hˆ = AB, but with different eigenvalues ǫ˜n: ǫ˜0 = ǫ1, ǫ˜1 = ǫ2, ǫ˜2 = ǫ0. Also, Fψ
is a set of eigenstates of the operator Hˆ∗, with these same eigenvalues.
Finally we have
a = S
1/2
ψ AS
1/2
φ =


0 − cos [ t
2
]√
ǫ1
√
ǫ1 sin
[
t
2
]
0 −1
2
√
ǫ2 sin[t] −12(1 + cos[t])
√
ǫ2
0
√
ǫ2 sin
[
t
2
]2 1
2
√
ǫ2 sin[t]

 ,
and
Φ0 = S
1/2
ψ φ0

 10
0

 , Φ1 = S1/2ψ φ1 =

 0− cos[t/2
6 sin[t/2]

 , Φ2 = S1/2ψ φ2 =

 0sin[t/2]
6 cos[t/2]

 ,
which is an ON basis of eigenvectors of h = a∗a, with eigenvalues ǫn. These vectors are also
eigenstates of hˆ = aa∗, with eigenvalues ǫ˜n.
15
4.3 An infinite dimensional example
Let E = {en, n ≥ 0} be an orthonormal basis of H and P = P ∗ = P 2 an orthogonal projection.
Let us put T = I+iP . Clearly T is bounded and has bounded inverse; namely, T−1 = I− i+1
2
P .
Then, as discussed in Section 2, if we put φn = Ten and ψn = (T
−1)∗en, n = 1, 2, . . . , the sets
Fφ = {φn, n ∈ N} and Fψ = {ψn, n ∈ N} are two biorthogonal Riesz bases. So that if
α = {αn} is a sequence of real numbers, as shown before, the operator Hαφ,ψ can be defined.
The operator Sφ = TT
∗ is then given by Sφ = I + P . It is also easy to compute the positive
square roots S
1/2
φ = I + (
√
2− 1)P and S1/2ψ = S−1/2φ = I − 2−
√
2
2
P .
In order to give a concrete example, we choose a particular form for P . Let u = c1e1 +
· · ·+ cNeN be a normalized linear combination of the first N elements of the basis E . We put
P := u⊗u. If we suppose that for at least two indices j, k, 1 ≤ j, k ≤ N , the coefficients cj and
ck are both nonzero, then P does not commute with all projections ek ⊗ ek, k ∈ N. A direct
computation shows that
φn =
{
en + i 〈en | u〉u = en + icnu if n ≤ N
en if n > N
and, similarly,
ψn =
{
en +
i−1
2
〈en | u〉u = en + i−12 cnu if n ≤ N
en if n > N
.
Then,
Hαφ,ψ =
N∑
k=1
αkφk ⊗ ψk +
∞∑
k=N+1
αkek ⊗ ek.
Then, by Proposition 2.4, the operator hαφ,ψ = S
1/2
ψ H
α
φ,ψS
1/2
φ is self-adjoint and similar to H
α
φ,ψ.
Thus they have the same spectrum. It is easy to check that S
1/2
ψ (ek ⊗ ek)S1/2φ = ek ⊗ ek if
k > N , since S
1/2
ψ acts nonidentically only on a finite-dimensional subspace of H. Hence hαφ,ψ
has the form
h
α
φ,ψ =
N∑
k=1
αkζk ⊗ ζk +
∞∑
k=N+1
αkek ⊗ ek,
where {ζ1, . . . , ζN} is an ON basis of the closed vector subspace spanned by {e1, . . . , eN}, in
general, different from the latter basis. It is worth remarking that in this case
D(hαφ,ψ) = D(H
α
φ,ψ) =
{
f ∈ H;
∞∑
k=1
|αk|2| 〈f | ek〉 |2 <∞
}
.
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5 Conclusions
The non-self-adjoint hamiltonians we have considered here are probably the simplest ones (they
are in a sense so much regular as operators defined by an ONB {en} are, the crucial difference
relying on the fact the latter are all normal operators). But as we said before, as far as we
know, a detailed analysis of this interesting case was missing in the literature.
There are many questions that can be posed in this framework. The most interesting
(and difficult) is very likely the following: under what conditions can a closed operator H be
constructed from a Riesz basis in the way we did in Section 2? We imagine there is no general
answer to this problem as well as there is no general answer for the corresponding question
in the case of self-adjoint operators, where only certain classes of them are known to have a
discrete simple spectrum.
Another interesting question to be studied is similar to that considered in this paper but
with a crucial difference: assume that H has, as before, a purely discrete simple spectrum but
that the corresponding eigenvectors {φn} do not form a Riesz basis but just a basis or, even
less, a D-quasi basis in the sense of [4]: is it possible to reconstruct H from the basis in the
same spirit of what we did here for Riesz bases. Work on this matter is in progress and we
hope to discuss this case in detail in a future paper.
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